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Abstract
In the gap topology, the unbounded self-adjoint Fredholm operators
on a Hilbert space has third homotopy group the integers. We realise
the generator explicitly, using a family of Dirac operators on the half-line,
which arises naturally in Weyl semimetals in solid-state physics. A “Fermi
gerbe” geometrically encodes how discrete spectral data of the family in-
terpolates between essential spectral gaps. Its non-vanishing Dixmier–
Douady invariant protects the integrity of the interpolation, thereby pro-
viding topological protection of the Weyl semimetal’s Fermi surface.
Introduction
Bundle gerbes provide a useful geometric model for the third cohomology of
a manifold, see [16] and [17] for an overview. They have been well-utilised in
quantum field theory and string mathematics, see [10] and [6], and have also
begun to enter condensed matter physics in the setting of topological insulators
[11], and Floquet topological systems [12] and geometric phases [24].
We will introduce the Fermi gerbe, and apply it in an essential way in the
hybrid context of Weyl semimetals [1, 18], which are condensed matter reali-
sations of the chiral anomaly and Weyl fermions. In 3D, the key experimental
signature of a Weyl semimetal is found at the material boundary, where robust
Fermi arcs of boundary-localised “edge states” appear. Physically, the Fermi
gerbe is a geometrical encoding of how conducting edge states interpolate across
an insulating spectral gap of bulk states, and has broad applicability beyond
Weyl semimetals. Its topological invariant – the Dixmier–Douady (DD) class —
is precisely an obstruction to destroying the Fermi arc (or Fermi surface, in the
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higher-dimensional case) without closing the bulk insulating gap. As a minimal
example, we prove that the 5D Weyl semimetal has a non-trivial Fermi gerbe.
A few technical points are in order before sketching how this works. In the
operator norm topology, the space F sa∗ of bounded self-adjoint Fredholm opera-
tors which are neither essentially positive nor negative, was shown by Atiyah–
Singer [2] to be a classifying space for the odd K-theory functor. Furthermore,
a non-contractible loop in π1(F sa∗ ) = K−1(S1) ∼= Z is precisely one which ex-
hibits spectral flow [19]. If one has a loop of unbounded self-adjoint Fredholms,
which is continuous in the so-called Riesz topology [4], the spectral flow is well-
defined via the bounded transform. Likewise, the bundle gerbe construction for
Riesz-continuous families of Dirac type operators can be found in [9, 7].
As it turns out, a more useful topology on the unbounded self-adjoint oper-
ators Csa is the weaker gap topology, which is the topology of norm convergence
of the resolvents (A + i)−1 [4, 21]. Working with the gap topology allows us
to circumvent restrictive requirements (e.g. compact resolvents and/or fixed do-
mains) which are not satisfied in the physically relevant examples. In the gap
topology, the unbounded self-adjoint Fredholm operators CFsa, without restric-
tion on the essential spectrum, also provide a classifying space for K−1 [14],
thus πn(CF sa) ∼= Z for all odd n. For instance, spectral flow of loops in F sa∗
generalises in basically the same way to loops in CFsa. We are specifically inter-
ested in π3(CF sa) ∼= Z, and will prove that the natural 3-sphere of quaternionic
half-line Dirac operators, generates π3(CFsa).
The above operator family is even naturally derived from the Weyl Hamilto-
nian modelling a Weyl semimetal. In 3D, the key observation of [23] is that the
Weyl Hamiltonian on a half-space is assembled from non-contractible loops (in
CFsa) of Dirac operators on the Euclidean half-line R+. These loops have homo-
topy invariant spectral flows, resulting in the experimentally robust Fermi arcs.
Similarly, the 5D Weyl Hamiltonian is assembled from 3-spheres of quaternionic
half-line Dirac operators. The latter has Fermi gerbe with non-trivial DD-
invariant, leading to “higher-dimensional spectral flow” prefiguring the topolog-
ically protected Fermi surface (see Fig. 2).
Notation: For a self-adjoint A, we write σd(A), σess(A) and σ(A) for its
discrete spectrum, essential spectrum, and (full) spectrum, respectively.
1 Warm-up: Spectral flow of half-line Dirac op-
erators and 3D Weyl semimetals
The Dirac operator on the Euclidean half-line R+ (i.e. z ≥ 0), with mass ρ ≥ 0,
is the operator
D(ρ) =
(−i ddz ρ
ρ i ddz
)
, (1)
which is formally self-adjoint on the smooth sections with compact support away
from the boundary, C∞0 (R+;C⊕C) ⊂ L2(R+;C⊕C). For each ω ∈ U(1), there
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is a self-adjoint extension D(ρ;ω), defined by the boundary condition
ψ(z = 0) ∝
(
1
ω
)
.
In [23], it was shown that for any ρ > 0, the operator loop {D(ρ;ω)}ω∈U(1) is
gap-continuous in CFsa, with common essential spectrum
σess(D(ρ;ω)) = (−∞,−ρ] ∪ [ρ,∞), ∀ ω ∈ U(1).
In the essential spectral gap (−ρ, ρ), the discrete spectrum is
σd(D(ρ;ω)) =
{
ρ ·Re(ω), Im(ω) < 0,
∅, Im(ω) ≥ 0.
Arg(ω)
σ
ρ
−ρ
0
π 2π
σess
σess
Figure 1: Spectrum of half-line Dirac operator D(ρ, ω) with mass ρ > 0, as a
function of the boundary condition ω ∈ U(1). The essential spectrum is the
grey shaded region, while the black curve joins up the eigenvalues of D(ρ, ω).
Overall, the family {D(ρ, ω)}ω∈U(1) has spectral flow 1.
Proposition 1 ([23]). For any ρ > 0, the loop {D(ρ;ω)}ω∈U(1) of massive
half-line Dirac operators represents a generator of π1(CF sa) ∼= Z.
Proof. The isomorphism π1(CF sa) ∼= Z is given by the spectral flow (across 0)
[4], and for {D(ρ;ω)}ω∈U(1), the spectral flow is +1 (see Fig. 1).
Application to 3D Weyl semimetals. In the context of Weyl semimetals
occupying the upper-half 3D Euclidean space subject to some boundary con-
dition ω0 ∈ U(1), the (ρ, ω) occur as polar coordinates for the 2D momentum
space R̂2 parallel to the boundary surface z = 0. Fourier transforming the half-
space Weyl Hamiltonian along the boundary surface directions converts it into∫ ⊕
(ρ,ω)∈R̂2 D(ρ;ωω0), and D(ρ;ωω0) has a zero eigenvalue exactly when (ρ, ω) lies
on the ray Arg(ωω0) =
π
2 . This ray connecting the origin of R̂
2 to infinity, is
the Fermi arc, and is “topologically protected” due to homotopy invariance of
the spectral flows of {D(ρ;ω)}(ρ,ω)∈R̂2\{0}. Further details can be found in [23].
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2 Spectrum of quaternionic Dirac operators on
half-line
The quaternionic Dirac operator on the half-line, with mass ρ = 1, is defined to
be the operator
/D =

−i ddz 0 1 0
0 −i ddz 0 1
1 0 i ddz 0
0 1 0 i ddz

︸ ︷︷ ︸
complex notation
≡
(−i ddz 1
1 i ddz
)
︸ ︷︷ ︸
quaternionic
notation
, (2)
formally self-adjoint on C∞0 (R+; (C
2⊕C2)) ∼= C∞0 (R+; (H⊕H)). When switch-
ing to quaternionic notation, we identify each C2 as a quaternionic vector space
H, using the quaternionic structure Θ =
(
0 −1
1 0
)
◦κ, where κ denotes complex
conjugation. Operators on C4 commuting with Θ are then 2× 2 matrices with
quaternion entries, and each quaternion entry is itself represented as a 2 × 2
complex matrix. More details of conventions for quaternions can be found in
Appendix A.
The unbounded part diag(−i ddz ,−i ddz , i ddz , i ddz ) of /D has two-dimensional±i eigenspaces (the deficiency subspaces), spanned over C by e1e−z, e2e−z and
e3e
−z, e4e−z respectively, where ej denote the standard basis vectors of C4. Self-
adjoint extensions of /D are fully parametrised by a unitary mapping between
the deficiency subspaces [22]. With respect to the above choice of basis, we may
label such a map by elements of U(2).
Let us restrict to Sp(1) ∼= SU(2) ⊂ U(2), in order to be compatible with
C4 ∼= H2 as a quaternionic vector space. In terms of boundary conditions, the
self-adjoint extension /D(q) of /D specified by q ∈ Sp(1) has domain
Dom( /D(q)) =
{
ψ ∈ H1(R+;C4) : ψ(0) =
(
u
qu
)
, u ∈ C2
}
, (3)
where H1 ⊂ L2 denotes the Sobolev space with L2 weak first derivatives.
Lemma 1. For q ∈ Sp(1) ∼= S3, let /D(q) be the self-adjoint extension of Eq.
(2) determined by the boundary condition Eq. (3). Then the operator family
{ /D(q)}q∈Sp(1) is gap-continuous.
Proof. Conjugation by the norm-continuous unitary family q 7→
(
1 0
0 q
)
con-
verts { /D(q)}q∈Sp(1) into the family
Sp(1) ∋ q 7→
(−i ddz q
q i ddz
)
, ψ(0) =
(
u
u
)
, u ∈ C2. (4)
All operators in the transformed family have the same domain, and depend on q
only through the bounded off-diagonal mass term. Thus the transformed family
is gap-continuous, as is the original family in question.
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Lemma 2. For each q ∈ Sp(1), the self-adjoint operator /D(q) is Fredholm with
essential spectrum
σess( /D(q)) = (−∞, 1] ∪ [1,∞), ∀q ∈ Sp(1).
Proof. Due to finite deficiency indices, the essential spectrum does not depend
on the choice of self-adjoint extension [22], so it suffices to take q = 1. In that
case, we can unitarily conjugate /D(1) into
1√
2
(
1 1
i −i
)(−i ddz 1
1 i ddz
)
1√
2
(
1 −i
1 i
)
=
(
1 − ddz
d
dz −1
)
,
with transformed boundary condition ψ(0) = 1√
2
(
1 1
i −i
)(
u
u
)
=
(√
2u
0
)
.
The latter is a Dirichlet condition in (only) the second component, and we
may apply the odd Fourier transform there. The symbol of
(
1 − ddz
d
dz −1
)
is(
1 −ip
ip −1
)
, p ∈ R̂, with eigenvalues ±
√
p2 + 1. Then
σ( /D(1)) = ∪p∈R̂{−
√
p2 + 1,
√
p2 + 1} = (−∞, 1]∪[1,∞) = σess( /D(1)) = σess( /D(q)).
It follows from Lemmas 1 and 2 that { /D(q)}q∈Sp(1) defines a class in π3(CF sa).
An indication that this homotopy class might be non-trivial, is given by a compu-
tation of the discrete spectrum. For this, we recall (Appendix A) that q ∈ Sp(1)
can be written as a sum of real and imaginary parts, q = qr+iq ·σ ≡
∑3
j=1 qjσj ,
where q2r + |q|2 = 1 and σj are the Pauli matrices,
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (5)
Proposition 2. For q = qr + iq · σ ∈ Sp(1), the discrete spectrum of /D(q) is
σd( /D(q)) =
{
{qr}, |qr| < 1,
∅, |qr| = 1.
In the former case, the eigenspace of /D(q) is spanned by the eigenfunction(
u−
qu−
)
e−|q|z, where u− ∈ C2 solves (q · σ)u− = −|q|u−.
Proof. By elliptic regularity, we are looking for smooth (strong) solutions to the
eigenvalue problem,
/D(q) · ψ ≡
(−i ddz 1
1 i ddz
)
ψ = λψ, (6)
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for eigenvalues λ ∈ (−1, 1). So the eigenfunctions ψ should be of the form
ψ = ψa : z 7→
(
u
qu
)
e−az, u ∈ C2, for some a ∈ C, whence Eq. (6) reduces to
the algebraic equation(
ia 1
1 −ia
)(
u
qu
)
=
(
(ia+ q)u
q(q − ia)u
)
= λ
(
u
qu
)
.
Equivalently, u ∈ C2 solves the coupled pair of eigenvalue equations
(ia+ q)u ≡ (qr + i(a+ q · σ)) = λu, (q − ia)u ≡ (qr − i(a+ q · σ))u = λu,
whose solution requires λ = qr, together with (a+q ·σ)u = 0. The last condition
is solved by taking a = ±|q| and u = u± a positive/negative spinor of q ·σ, i.e.
(q · σ)u± = ±|q|u± (note that |qr| = |λ| < 1 ⇔ q 6= 0). We require a > 0 for
normalisability of ψa, so we must take the lower signs throughout.
Remark 1. Observe that every λ in the essential spectral gap (−1, 1) is at-
tained as an eigenvalue of /D(q) for some q. Thus the family { /D(q)}q∈Sp(1) has
the gap-filling property: the discrete spectra “flows across the essential spec-
tral gap”, see Fig. 2. However, this cannot be attributed to the usual spectral
flow along any closed path (compare Fig. 1), since the parameter space Sp(1)
is simply-connected. As such, we need to find some other homotopy invari-
ant of the family { /D(q)}q∈Sp(1) to demonstrate that its gap-filling property is
“topologically protected”, rather than spurious.
Remark 2. A similar eigenvalue computation to that of Prop. 2 was carried out
in §III of [13], but our use of quaternions to simplify the analysis and obtain
the eigenfunctions explicitly in terms of q, is new and especially useful for what
follows.
3 Fermi gerbe construction
When describing electronic properties of materials, one often encounters a family
F of self-adjoint Hamiltonians, parametrised by (some subset of) momentum
space. When the family shares some gap (around a given real number called
the Fermi level, which we set to 0) in the essential spectrum, we have an insulator
“in the bulk”. The example { /D(q)}q∈Sp(1) in §2 comes from a model of Weyl
semimetals, see Remark 5.
We will construct a gerbe GF using the discrete spectral data of a family
F that has a common essential spectral gap. Physically, the discrete spectrum
comprises boundary-localised “edge states”. There has been tremendous interest
in “topological” Hamiltonian families whose edge states interpolate between
the bulk states in a “topologically protected” manner. Intuitively, GF encodes
this spectral interpolation, and it is trivialisable whenever the interpolation is
“breakable”. Thus, a family with non-trivialisable GF will have “topologically
protected edge states”.
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Oqr = 1
qr = −1
qr =
1
2
qr = 0
qr = − 12
Figure 2: The sphere (one dimension suppressed) represents the unit quater-
nions Sp(1), with vertical axis labelling the real part qr of a quaternion q. For
boundary condition q ∈ Sp(1) , the quaternionic half-line Dirac operator /D(q)
has eigenvalue λ inside the essential spectral gap (−1, 1), precisely when qr = λ
(the 2-sphere at latitude λ). For the Weyl Hamiltonian on the 5D half-space,
view Sp(1) ⊂ R̂4 as the unit 3-sphere of boundary momenta p‖ = (p1, p2, p3, p4),
with p1 aligned vertically. For boundary condition Γ = 1 and Fermi level µ, the
half-space Weyl Hamiltonian has Fermi surface the hyperplane qr ≡ p1 = µ.
The construction of GF is an adaptation of that in [9, 10, 20], which was
motivated by anomalies in the quantisation of chiral fermions coupled to vec-
tor potentials. There, the parameter space of connections is contractible, so
that an anomaly (non-trivial gerbe) arises only after passing to the moduli
space (quotient by gauge transformations). We work in the more general set-
ting of gap-continuous unbounded self-adjoint Fredholm families, which admits
our minimal example of an anomalous Dirac operator family /D, whose gerbe
G /D is constructed directly over a 3-sphere. Here, /D is short for the family
{ /D(q)}q∈Sp(1) analysed in §2.
Let X be a paracompact topological space and F : X → CFsa be a gap-
continuous family. In addition we assume that there is an interval in the real
numbers containing zero such that there is no essential spectrum in this interval
for all operators in the family. Following [2] we may homotopy to a situation
where the common spectral gap for the family is the interval (−1, 1).
For completeness we sketch the argument. We let p be the map from
the bounded operators on a separable Hilbert space H to the Calkin alge-
bra (the quotient of the bounded operators by the compact operators). Re-
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calling that the gap topology is the topology of norm resolvent convergence
we see that the map x 7→ ||p((i + F (x))−1)|| =: ρ(x) is continuous. Then
inf |σess(F (x))| =
√
1−ρ(x)2
ρ(x) is smaller than 1 when ρ(x) >
1√
2
, in which case
we replace F (x) by F (x)ρ(x)(1 − ρ(x)2)−1/2. This does not change any of the
topological considerations that follow. Thus assume henceforth that (−1, 1) is
a common essential spectral gap and so each F (x) may have isolated, finite-
multiplicity eigenvalues (i.e. discrete spectrum) inside (−1, 1), possibly accumu-
lating only at ±1.
For a gap-continuous self-adjoint family, membership in the spectrum is a
closed condition (Theorem VIII.23, [21]). So with F : X → CF sa as above, we
may define for each λ ∈ (−1, 1), the open set
Uλ = {x ∈ X : λ 6∈ σ(F (x))} = {x ∈ X : λ 6∈ σd(F (x))}.
Then U = {Uλ}−1<λ<1 is the standard open cover for X determined by F . A
gerbe may be specified locally by assigning Hermitian “transition line bundles”
LUλ,Uµ → Uλ ∩ Uµ to each ordered pair in the open cover. If λ < µ, take
LUλ,Uµ → Uλ ∩ Uµ to be the determinant line bundle (i.e. top exterior power)
of the eigenspaces for eigenvalues lying within (λ, µ). Note that only discrete
spectra away from accumulation points are involved, so there are only finitely
many eigenvalues (counted with multiplicity) in the interval (λ, µ). If λ > µ,
we assign the dual of the above, i.e. L∗Uµ,Uλ , to Uλ ∩ Uµ. For λ = µ, we assign
the trivial line bundle C. Note that if x ∈ Uλ ∩ Uµ is such that F (x) has no
eigenvalues in (λ, µ), then the complex line assigned to x is the canonical copy
of C.
We sketch why the bundle LUλ,Uµ is locally trivial. Fix x0 in X and let
χµλ be the characteristic function of the interval (µ, λ). Proposition 2.10(b)
of [4] establishes the existence of a neighbourhood of x0 on which χµλ(F (x))
is a continuous family of finite rank projections. It follows that there is a
neighbourhood of x0 on which the projections from the range of χµλ(F (x)) to
the range of χµλ(F (x0)) form a continuous family of linear isomorphisms. These
isomorphisms induce isomorphisms of determinant lines which in turn may be
used to construct a local trivialisation.
On triple intersections Uλ∩Uµ∩Uν , one verifies that the tensored line bundles
Lλ,µ⊗Lµ,ν⊗Lν,λ are canonically trivial. Equivalently, Lλ,µ⊗Lµ,ν and Lλ,ν are
canonically isomorphic. For instance, suppose λ < µ < ν. Then when restricted
to those x ∈ Uλ∩Uµ∩Uν for which F (x) has eigenvalues in (λ, µ), the three line
bundle factors are Lλ,µ, C, and L∗λ,µ, and they tensor to C; a similarly trivial
tensor product occurs for the other spectral intervals (−1, λ), (µ, ν) and (ν, 1).
The above assignment of line bundles thereby defines a gerbe GF associated to
the self-adjoint Fredholm family F , which we call the Fermi gerbe.
Quite generally, any gerbe G over X has a Dixmier–Douady (DD) invariant
in H3(X,Z) [5, 16]. In short, the line bundle assignment to double overlaps
of a given open cover, gives a Cˇech 2-cocycle with coefficients in the sheaf of
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continuous U(1)-valued functions on X . Its cohomology class in H2(X,U(1)) ∼=
H3(X,Z) is the direct limit over refinements of open covers of X .
The DD-invariant of GF has physical significance as an obstruction to main-
taining a common spectral gap throughout the family F :
Lemma 3. Let F : X → CFsa be a gap-continuous family with a common
essential spectral gap (−1, 1). Suppose there exists some λ0 ∈ (−1, 1) such that
λ0 6∈ σ(F (x)), ∀x ∈ X. Then the DD-invariant of the Fermi gerbe GF vanishes.
Proof. For such a family, the open set Uλ0 already covers all of X . The cover
comprising just Uλ0 refines the standard one, and the Cˇech 2-cocycle is man-
ifestly trivial on this cover. Passing to the direct limit over refinements, the
DD-invariant likewise trivialises.
For a general family F : X → CF sa, it is quite a challenge to compute the
DD-invariant of its Fermi gerbe GF . Nevertheless, we can do so for G /D.
Theorem 1. For the quaternionic half-line Dirac operator family { /D(q)}q∈Sp(1),
the associated Fermi gerbe G /D has Dixmier–Douady invariant a generator of
H3(Sp(1),Z) ∼= Z.
Proof. For any given λ ∈ (−1, 1), Prop. 2 shows that /D(q) has eigenvalue λ
precisely when q belongs to the 2-sphere
S2λ := {q = qr + iq · σ ∈ Sp(1) : qr = λ},
which we may parametrise by q. Furthermore, the bundle of eigenvectors over
S2λ may be identified with the negative eigenbundle of {q · σ}q∈S2λ , i.e. a Hopf
line bundle (this is the Bloch sphere identification S2 ∼= CP1). It is convenient
to pass to the open cover of Sp(1), comprising
V = {q ∈ Sp(1) : σd( /D(q))) ⊂ (−ǫ, 1)},
W = {q ∈ Sp(1) : σd( /D(q)) ⊂ (1, ǫ)},
where ǫ > 0 is some small number. Note that V ∪W = Sp(1), with V ⊂ U−ǫ
and W ⊂ Uǫ, so {V,W} is a refinement of the standard cover U . The Fermi
gerbe is trivialised over V , and over W , but globally, it is clutched over the
equatorial band V ∩W = ∪λ∈(−ǫ,ǫ)S2λ ⊂ U−ǫ ∩Uǫ, which is a slightly thickened
version of S20 . By definition, the Fermi gerbe G /D assigns the Hopf line bundle to
V ∩W , and the latter has Chern class generatingH2(S2,Z) ∼= Z. This clutching
construction shows that the DD-invariant of G /D generates H3(Sp(1),Z) ∼= Z.
Corollary 1. The quaternionic half-line Dirac operator family { /D(q)}q∈Sp(1)
represents a generator of π3(CFsa) ∼= Z.
Proof. In π3(CF sa), the composition can be taken to be via direct sum of op-
erators (and invoking Kuiper’s theorem). Then the operation of taking the
DD-invariant of the Fermi gerbe of a family F : S3 → F sa, is a surjective
homomorphism π3(CF sa)→ H3(S3,Z) by Thm. 1, thus an isomorphism.
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4 5D Weyl Hamiltonian and topological Fermi
surface
In this section, we explain how the anomalous family { /D(q)}q∈Sp(1) arises from
the 5D Weyl Hamiltonian (which is a Euclidean space Dirac operator).
Recall the spinor representation of Spin(5) ∼= Sp(2) on C4 ∼= H2. By defi-
nition [15], an orthonormal basis e1, . . . , e5 of Euclidean R
5 is “quantised” into
generators of the Clifford algebra Cl0,5, satisfying the relation eiej+ejei = 2δij .
In the spinor representation, these quantised ei are represented as Hermitian
4× 4 Dirac matrices γi, with the chirality element γ1γ2γ3γ4γ5 acting as a scalar
−1. Concretely, in terms of Pauli matrices, Eq. (5), we could choose1
γ1 = σ1 ⊗ 12, γ2 = σ2 ⊗ σ3, γ3 = −σ2 ⊗ σ2, γ4 = σ2 ⊗ σ1, γ5 = σ3 ⊗ 12.
(7)
That the spinor representation is quaternionic, can be explicitly seen by choosing
Θ = (12⊗−iσ2) ◦ κ with κ denoting complex conjugation, and checking that Θ
commutes with each γi, and thus the entire Clifford algebra representation.
The 5D Weyl Hamiltonian, is HW = −i∇ · γ. More precisely, HW is self-
adjoint on the Sobolev space H1(R5)⊗C4, and Fourier transforming to momen-
tum space R̂5 gives
HW = −i∇ · γ ∼=
∫ ⊕
p∈R̂5
p · γ ≡
∫ ⊕
p∈R̂5
5∑
j=1
pjγj =:
∫ ⊕
p∈R̂5
Q(p),
Here, each Q(p) = p · γ is quaternionic linear on C4 ∼= H2, so we may think of
it as an element of M2(H). Operators of the form Q(p) were called quadrupole
Hamiltonians in [3].
Remark 3. The quaternionic structure Θ acts fiberwise over momentum space
R̂5, but when Fourier transformed to position space R5, it is actually the com-
position of a time-reversal operator T = (12 ⊗ −iσ2) ◦ κ with spatial inversion
P : x 7→ −x ∈ R5. That is, Θ is really a PT symmetry for HW = −i∇ · γ.
Write z for the fifth coordinate of R5. We wish to define a half-space (z ≥ 0)
version of HW. As the momentum p5 along z will no longer be conserved, it
is convenient to think of R̂5 = R̂4 ⊕ R̂ as H ⊕ R̂, with the boundary-parallel
momentum p‖ = (p1, p2, p3, p4) ∈ R̂4 repackaged as a single quaternion2,
R̂
4 ∋ p‖ ←→ q =
(
p1 + ip2 −p3 + ip4
p3 + ip4 p1 − ip2
)
∈ H. (8)
Then the map p 7→ Q(p) is concisely written as
(q, p5) ≡ (p‖, p5) = p 7→ Q(p) = p · γ =
(
p5 q
q −p5
)
∈M2(H).
1With minor relabelling, our convention here matches Eq. 5.1 of [3], and Eq. 4.2 of [18].
2For the real/imaginary decomposition of the quaternion q = qr + iq ·σ (see Appendix A)
of Eq. (8), we have qr = p1, and q = (p4,−p3, p2).
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Undoing the Fourier transformation in the last variable, z → p5, we have
HW =
∫ ⊕
p‖∈R̂4
(−i ddz q
q i ddz
)
=:
∫ ⊕
q∈H
hW(q),
where recognise each partially Fourier transformed hW(q) as a quaternionic-
linear Dirac operator on the line R with “mass term” q (cf. Eq. (1)); each
hW(q) is self-adjoint on H1(R;H2).
We can now construct half-space versions of HW, by restricting each of the
formal 1D operators hW(q) to C∞0 (R+;H
2), and picking a boundary condition
Γ ∈ Sp(1) to make them self-adjoint operators h˜W(q;Γ ). Then the self-adjoint
half-space Weyl Hamiltonian H˜W with boundary condition Γ ∈ Sp(1) is decom-
posed as
H˜W(Γ ) =
∫ ⊕
q∈H
(−i ddz q
q i ddz
)
=:
∫ ⊕
q∈H
h˜W(q;Γ ),
Dom(h˜W(q;Γ )) =
{
ψ ∈ H1(R+;H2) : ψ(0) =
(
u
Γu
)
, u ∈ H ∼= C2
}
.
For q in the unit 3-sphere Sp(1) of momentum space R̂4, we have in fact already
encountered h˜W(q;Γ ) in a different guise — it is just a unitarily conjugated
version of /D(q) (see Eq. (4)). Thus we have unitarily equivalent families
{h˜W(q;Γ )}q∈Sp(1) ←→ { /D(qΓ )}q∈Sp(1) (9)
related through conjugation by
{(
1 0
0 q
)}
q∈Sp(1)
. Since { /D(qΓ )}q∈Sp(1) is just
a reparametrisation of { /D(q)}q∈Sp(1) by a degree −1 homeomorphism of Sp(1),
it follows immediately that:
Corollary 2. [to Thm. 1] For the half-space Weyl Hamiltonian H˜W(Γ ) with
boundary condition Γ ∈ Sp(1), let {h˜W(q;Γ )}q∈Sp(1) be the Fourier transform,
restricted to the unit 3-sphere Sp(1) ⊂ H ∼= R̂4. It is a gap-continuous family
of self-adjoint Fredholm operators, which is homotopically non-trivial, and its
Fermi gerbe has Dixmier–Douady invariant a generator of H3(Sp(1),Z).
4.1 Topological Fermi surface
Each h˜W(q;Γ ) in the Fourier decomposition of H˜W(Γ ) has essential spectral
gap (−|q|, |q|). From Lemma 3, we see that the non-vanishing DD-invariant of
the Fermi gerbe for H˜W(Γ ) (Corollary 2), implies that the common essential
spectral gap (−1, 1) of {h˜W(q;Γ )}q∈Sp(1), must get completely filled up by the
discrete spectra of the h˜W(q;Γ ). Physically, one says that the “bulk spectral
gap is filled up by edge-states”. Actually, the Fermi gerbe could be defined over
R̂
4 \ {0}, which retracts to the unit sphere Sp(1). So over any 3-sphere in R̂4
which encloses the origin, the same essential spectral gap-filling must occur.
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Let µ ∈ (−1, 1) be a Fermi level. We are interested in the subset
Sµ := {q ∈ H ∼= R̂4 : µ ∈ σd(h˜W(q;Γ ))},
called the Fermi surface of edge states, at Fermi level µ, for the half-space
Weyl Hamiltonian H˜W(Γ ). The qualitative structure of Sµ may be determined
as follows. Whenever |q| ≤ |µ|, the operator h˜W(q;Γ ) has µ in its essential
spectrum. But at any momentum radius ρ > |µ|, the non-trivial Fermi gerbe
for {h˜W(q;Γ )}|q|=ρ forces discrete spectra to fill up the essential spectral gap
(−ρ, ρ), and the value µ is certainly attained somewhere at this radius. So each
radius ρ > |µ| sphere contributes a non-empty set to the Fermi surface Sµ,
and we deduce that Sµ connects the critical 3-sphere ρ = |µ| to infinity. In
particular, for µ = 0, the Fermi surface S0 connects the origin to infinity.
Of course, we could have used Eq. (9) and the exact spectral computation,
Prop. 2, to deduce directly that Sµ is explicitly given by Re(qΓ ) = µ with |q| >
|µ|, which is a punctured hypersurface. However, the key point of discovering
the non-trivial DD-invariant of the underlying Fermi gerbe, is that we may
exploit its homotopy invariance to deduce that similar qualitative features of
the discrete spectra continue to hold, even for suitably perturbed families for
which there is generally no hope of solving the spectral problems exactly.
In more detail, consider a perturbed family {h˜W(q;Γ ) + V (q)}q∈H, where
V (q) is some relatively compact perturbation of h˜W(q;Γ ), thus preserving its
essential spectrum. For instance, V (q) = V could be an arbitrary continuous
4×4 Hermitian-matrix valued potential function which vanishes as z →∞. The
perturbed Fermi surface could be very complicated and difficult to compute ex-
actly. Nevertheless, the Fermi gerbe is still well-defined for the perturbed family,
and by turning off the perturbation to homotope the family to the unperturbed
one, we see that its DD-invariant remains non-trivial. Lemma 3 still applies,
and we conclude that the perturbed Fermi surface (at Fermi level µ = 0) still
connects the origin to infinity.
Remark 4 (Topology of Fermi surface is not preserved). For the boundary con-
dition Γ = diag(i, i) ∈ U(2) (which is not in Sp(1)), it is possible to show that
the Fermi surface S0 for H˜
W(Γ) is the positive p1-axis (thus it looks like a “tra-
ditional” Fermi arc), whereas it was a punctured hypersurface when a boundary
condition Γ ∈ Sp(1) was chosen. Thus, the topology of the Fermi surface as a
bare topological space, in the more simplistic sense of homeomorphism, homo-
topy/homology classes etc., can depend sensitively on the choice of boundary
conditions, Fermi level, and/or perturbations. We need a more sophisticated
geometric object, such as the Fermi gerbe, to extract a topological invariant
protecting the Fermi surface.
Remark 5. [PT-symmetric Weyl semimetals [18]] Since Q(p) are the most gen-
eral 4×4 Hermitian matrices commuting with Θ, four-band tight-binding Hamil-
tonians with PT symmetry are equivalently families T5 ∋ k 7→ p(k) · γ =
Q(p(k)), where T5 is the Brillouin torus in 5 dimensions, and k 7→ p(k) is
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some 5-component vector field over T5. The spectrum of Q(p(k)) is simply
±√|p(k)|, with each eigenvalue two-fold degenerate due to the quaternionic
structure (Kramers’ pairing). The eigenvalues cross at the zeroes of the vec-
tor field p. If the local index of p at such a zero k∗ is non-vanishing (without
loss, set it to +1), the four-band crossing is topologically protected, and there
must be a second zero k⋆ somewhere else, with the opposite index, due to the
Poincare´–Hopf theorem. In that case, k∗ is called a (generalised) Weyl point
for a PT-symmetric Weyl semimetal Hamiltonian k 7→ Q(p(k)). The linear
expansion of Q(p(k)) near k∗ is, up to a change of coordinates, just p · γ. In
this sense, the Weyl Hamiltonian (whose Fourier transform is p · γ) is often
taken to be the continuum differential operator model for a tight-binding Weyl
semimetal near a Weyl point. When the tight-binding model Hamiltonian is
truncated to the half-lattice Z4 × N, there is likewise a projection π : T5 → T4
of Brillouin tori. It can be proved, using a generalised Toeplitz index theorem,
that the projected Weyl points π(k∗), π(k⋆) are connected in T4 by a collection
edge-localised states [18, 23]. Near k∗ (and similarly, near k⋆), the Fermi surface
of H˜W(Γ ) models the edge states of the half-space tight-binding Hamiltonian,
as far as their topological protection is concerned. Here, we should note that
the boundary condition Γ in the continuum model is not easily translated to
the effective tight-binding model, so it is of importance that the Fermi surface
in the continuum model is topologically protected, regardless of Γ .
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A Quaternion conventions
The quaternion algebra H is generated by three anticommuting square roots of
−1, labelled I, J,K. It can be represented with 2× 2 complex matrices, e.g.,
H ∋ q = qr︸︷︷︸
Re(q)
+ bI + cJ + dK︸ ︷︷ ︸
i·Im(q)
←→
(
qr + ib −c− id
c− id qr − ib
)
. (10)
In terms of Pauli matrices, Eq. (5), the imaginary part of q is Im(q) = q · σ ≡∑3
j=1 qjσj , where q = (−d,−c, b).
Quaternion conjugation q 7→ q = qr − iq · σ corresponds to the Hermitian
adjoint in this representation. The norm is given by |q|2 = qq = qq = q2r + |q|2,
and the 3-sphere of unit quaternions is then identified with SU(2). On C2,
there is a standard quaternionic structure given by the operator Θ = −iσ2 ◦ κ
(where κ denotes complex conjugation), which is antiunitary, squares to −1, and
commutes with the left multiplication by q in Eq. (10). In physics, Θ may be
13
interpreted as a fermionic time-reversal operator. A quaternionic basis vector
for C2 is a vector e such that {e,Θe} is an orthonormal basis (over C) for C2. It
allows us to view C2 as a quaternionic vector space on which i,Θ generate the
(right) quaternionic scalar multiplication, and also to identify SU(2) ∼= Sp(1).
Similarly, a quaternionic structure on C2n is an antiunitary squaring to −1, and
a quaternionic basis {ej}nj=1 gives an identification C2n ∼= Hn. One should not
confuse the role of H ⊂M2(C) as an algebra of operators, and as a vector space
H ∼= C2.
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